Shape Dynamics is a 3D conformally invariant theory of gravity which possesses a large set of solutions in common with General Relativity. When looked closely, these solutions are found to behave in surprising ways, so in order to probe the fitness of Shape Dynamics as a viable alternative to General Relativity one must find and understand increasingly more complex, less symmetrical exact solutions, on which to base perturbative studies and numerical analyses in order to compare them with data. Spherically symmetric exact solutions have been studied, but only in a static vacuum setup. In this work we construct a class of time-dependent exact solutions of Shape Dynamics from first principles, representing a central inhomogeneity in an evolving cosmological environment. By assuming only a perfect fluid source in a spherically symmetric geometry we show that this fully dynamic non-vacuum solution satisfies in all generality the Hamiltonian structure of Shape Dynamics. The simplest choice of solutions is shown to be a member of the McVittie family.
I. INTRODUCTION
Shape dynamics (SD) is a theory of gravity which is locally identical to the Arnowitt-Deser-Misner (ADM) formulation [1] of General Relativity (GR) in a constantmean-extrinsic-curvature (CMC) foliation. In such a foliation the physical degrees of freedom of the gravitational field are 3-dimensional conformally invariant [2] [3] [4] . SD consists in taking this symmetry as fundamental, and requiring that the 3-dimensional conformal geometry of each CMC slice be regular. This gives rise to solutions that may differ from those of GR, in which the fundamental requirement is that of regularity of the pseudoRiemannian geometry of 4-dimensional spacetime.
The relational principles on which SD is based [4] only require that its solutions be generated by a Hamiltonian that is invariant under 3D diffeomorphisms and conformal transformations of the spatial metric. This allows for a large class of Hamiltonians, generating inequivalent dynamics, but among which we have to select one based on consistency with observations [3, 4] . The value of this Hamiltonian at each point of the phase space of ADM variables can be determined only by solving a quasilinear elliptic differential equation, whose result depends nonlocally on the ADM variables. This equation obviously cannot be solved exactly everywhere in phase space, and therefore, for practical applications, we need to compute it as a perturbative expansion. But any perturbative approach needs an exact solution to expand around, and for this reason exact solutions of SD are an invaluable starting point for any specific application of the theory. The simplest class of solution are the homogeneous ones, which have been studied in Refs. [4, 5] . Giving up homogeneity, we can assume spherical symmetry in order to * dguariento@perimeterinstitute.ca † fmercati@perimeterinstitute.ca make the Hamiltonian calculable, but in that case we also need to add some matter source, to have nontrivial shape degrees of freedom (any spherically symmetric manifold is conformally flat, so its shape configuration space is just a point). The simplest thing to do is to add a pair of thin shells of dust to a spherical universe [4, 6] , a procedure which leads to a very nontrivial system. In this paper we are interested in coupling SD to a less singular kind of matter source: a spherically-symmetric perfect fluid.
By not assuming anything on the relation between density and pressure of this fluid, we will be able to solve all the constraints of SD and get a class of exact solutions, which will be a very valuable starting point for further perturbative analyses. Furthermore, by borrowing a familiar assumption in GR, namely that the Weyl part of the Hawking-Hayward quasilocal mass takes the form that one expects in the presence of a (cosmological) black hole, or central mass, we are able to derive one particular exact solution which is known in GR as the McVittie metric. Such a metric describes a cosmological black hole in the presence of a fluid, and it is interesting to observe that is is a solution of SD too. We believe that the simplicity of the McVittie metric will make it a very interesting playground for SD, in particular for the understanding of its physical predictions regarding black holes. The McVittie metric, in fact, is a non-static cosmological solution of SD which has a central concentration of mass which we can identify with a black hole. The other candidate black hole solutions of SD that have been found so far [7, 8] are static, eternal and asymptotically flat, which makes them significantly less interesting from the physical point of view.
For practical purposes, instead of working directly with the SD dynamical system, it is convenient to simply work in the conformal gauge in which SD is equivalent to GR in a CMC foliation. We will therefore be studying solutions of Arnowitt-Deser-Misner gravity in CMC gauge. When such solutions exist, they are both solutions of GR and SD. However there are situations in which such solu-tions do not correspond to a well-defined solution of Einstein's equations, in particular at the Big-Bang singularity [5] . However, by looking at the conformally-invariant degrees of freedom, one can check whether, as solutions of SD, they still make sense and can be continued past this breakdown point. The strategy is to work with ADM gravity in CMC gauge as long as it is possible, and then focus on the shape degrees of freedom when the solutions evolve into something that cannot be described in GR.
In this work we derive a class of exact solutions of SD by solving the ADM equations under the following assumptions: (i) spherical symmetry; (ii) comoving perfect fluid source; (iii) asymptotically FLRW behavior; and (iv) a singularity at the center. Conditions i and ii define the Kustaanheimo-Qvist class of solutions, of which there are many physically interesting subcases [9] , such as Wyman [10] , FLRW, McVittie and Schwarzschild-de Sitter [11] . Conditions iii and iv represent fixing properties of the poles of the spherically symmetric manifold. In particular, condition iii requires that the metric be regular at one of the poles, and condition iv requires it to be singular at the opposite pole.
In Sec. II we use the constraints and equations of motion of Shape Dynamics to write the spherically symmetric ansatz in its specific form. Using conditions i to ii we arrive at the generic expression for the KustaanheimoQvist class of spherically symmetric geometries. In Sec. III A we use the 3-dimensional expression of the Hawking-Hayward quasilocal mass to apply conditions iii and iv, and we show in Sec. V A that the solution satisfies all the requirements of a solution of Shape Dynamics. We present our conclusions and discuss further developments in Sec. VI. Latin indices run from 1 to 3 and in our units 16πG = 1.
II. STATEMENT OF THE PROBLEM
The gravitational action of a system filled with a continuous fluid with an arbitrary energy momentum tensor is given by
where S EH is the Einstein-Hilbert action given by
where R is the 3-Ricci scalar and we have the usual definitions for the "superhamiltonian" and "supermomentum",
and the matter action S M is left unspecified for now. It may be possible to define the Hamiltonian of an arbitrary perfect fluid by defining it as a generic k-essence action. This procedure has been carried out for some particular cases [12] , but the general action problem will be addressed in a future work. We assume that it depends solely on the metric components and not on their associated momenta, so that we may define the components of the variation of S M with respect to the lapse, shift and metric as
The Hamiltonian constraint and momentum (or diffeomorphism) constraint are, respectively,
The CMC condition reads
where π is the mean canonical momentum across the
. The evolution equations divide into a vacuum part, which is given by Hamilton's equations generated by the total Hamiltonian dt d
, and a matter contribution tȯ π ab given by the term (7). The equations read [1] 
In order for a solution of SD to admit a description as a spacetime solving Einstein's equation (i.e. a solution of GR), a lapse function defining a local notion of proper time must be defined. Such a function can be determined by using the ADM equations of motion (11), (12) to calculate the time derivative of the CMC condition (10):
Replacing Eqs. (11) and (12) in Eq. (13) above we get
The term on the right-hand side is a spatial constant and can be written as an undetermined function of time
A. Spherical symmetry and perfect fluid conditions
We start by applying condition i so that our ansatz for the solution is a spherically symmetric metric on 3-space. Following the notation from Ref. [6] we define
where n a ≡ δ a r is a unit vector in the radial direction and dΩ 2 ≡ dr 2 + r sin 2 θdθ 2 is the usual 2-sphere element. The canonical momentum conjugate to the metric is defined in spherical symmetry as [6] 
with s = s(r, t) and f = f (t, r). Spherical symmetry also means that the source matter satisfies the properties
where
c n a n b is the traceless projector with respect to the radial direction.
Condition ii that the source corresponds to a perfect fluid implies that there is no anisotropic stress, that is, in the fluid's rest frame we have
In addition, condition ii limits our choice of fluid, in the sense that it constrains us to place the fluid at rest with respect to the observer, that is,
It is worth noting that, while in GR a perfect fluid can always be made comoving with a suitable choice of 4-dimensional coordinates, in SD we have only 3-dimensional diffeomorphism covariance; therefore requiring that the fluid be comoving corresponds to a physical constraint on the matter source.
III. SOLVING THE CONSTRAINTS
After applying the conditions from Sec. II A to the constraint equations (8), (9) and (10) we find
and we can immediately solve the CMC condition (26) and momentum constraint (25) to find
where A(t) is a spatially homogeneous integration constant. The homogeneity of A is a consequence of the assumption j = 0 in Eq. (23) due to the fact that j acts as a source for the radial derivative of A. Inserting these results back into the Hamiltonian constraint (24) we find
A. Hawking-Hayward mass
The Hawking-Hayward quasilocal mass [13] is a measure of the energy content inside a codimension-2 compact hypersurface in general relativity, defined as the Hamiltonian in a 2 + 2 foliation of spacetime. It coincides with the Misner-Sharp mass [14] in spherical symmetry and with the Bondi and ADM masses [15, 16] if the metric is asymptotically flat. Despite the fact that in Shape Dynamics there is no spacetime, it is still useful to use the Hawking-Hayward quasilocal mass as a guide to the determination of the energy content inside a spatial volume. In the following section we use the ADM formalism to cast the Hawking-Hayward mass in terms of quantities contained in the hypersurface, which will render it a meaningful quantity to use in Shape Dynamics. We also interpret the different contributions to the mass in terms of hypersurface quantities.
It has been pointed out in the literature that in general relativity, since the Hawking-Hayward mass may ultimately be written as a projection of the Riemann tensor, it may therefore be split in two distinct contributions: one from the Ricci tensor and one from the Weyl tensor [16] [17] [18] . In light of the Einstein equations, these contributions can then be traced as coming from the energymomentum tensor distributed in the medium (the Ricci part) and from a pointlike source or otherwise compact object (the Weyl part). In Shape Dynamics there is no well-defined spacetime, but once we are in a foliation we may use the ADM splitting to define an analogue to the Hawking-Hayward mass using only quantities defined in the hypersurface. After performing the splitting we may define the Hawking-Hayward mass M HH as
where the Ricci component M R and Weyl component M W , in our spherically symmetric metric, read
and using Eq. (30) we find that the two parts sum up to
as expected [19] . The full derivation of this result may be found in the Appendix.
B. Solving the Hamiltonian constraint
An immediate first application of the expression of the Hawking-Hayward mass in spherical symmetry is to algebraically solve the Hamiltonian constraint for µ without making use of the equations of motion. By substituting the definition from Eq. (33) into Eq. (24), we may cast it as
Applying the momentum constraint (28) and the CMC condition (27), we find
which allows us to write M HH in integral form in terms of ρ as
Inserting this result back into the definition of the Hawking-Hayward mass (33) and noting that it can be solved algebraically for µ, we find
The usefulness of this result will become clear when solving the lapse-fixing equation in Sec. V A.
IV. SOLVING THE EQUATIONS OF MOTION
The evolution equations for the metric (11) reaḋ
Inserting the solutions of the constraint equations, (27) and (28), we then finḋ
The presence of a nonzero A implies that there is a singularity in the metric at areal radius Y = 0, that is, at both antipodes of the compact spacetime [6] . Although condition iv implies that we have a central singularity, condition iii means that far from the singularity the spacetime is expected to satisfy, among other properties, regularity. Therefore, since A is constant at every leaf due to our choice of j in Eq. (23) , in order to guarantee a regular spacetime on the antipodal point we choose A = 0. With this choice, the equations of motion simplify significantly, and we now havė
Self-gravitating fluid solutions of Shape Dynamics 5 which also implies thaṫ
If we choose a gauge in which there is no shift (by setting ξ = 0), the metric evolution Eq. (45) results in
and inserting this result back into Eq. (44) we find an expression for the lapse, namely
We now move on to the momentum equations of motion. The independent components of Eq. (12) arė
Inserting the results from the constraints, Eqs. (28) and (27) , and the equations of motion of the metric, Eqs.
(46) and (47), the radial and angular components of the momentum evolution equations read, respectively,
The difference between these two components, also known as pressure isotropy condition [11] , or spatial Ricci isotropy [17] , yields
so we are motivated to choose a gauge for which [20, 21] 
so that
Our gauge choice may be further specified by choosing a value for k, which will remain undetermined in our analysis. Forμ = 0, Eq. (52) can then be rewritten as a total derivative, namely
which reduces to the ordinary differential equation
Inserting these results back into the Hamiltonian constraint (24), we find
and taking the radial derivative of Eq. (57) and using again Eqs. (56) and (53), we find
whose solution is
We may use the results from this section to rewrite the Hawking-Hayward mass in terms of the new metric functions. After applying the results from the constraint equations, (27) and (28) , and the equations of motion (46), (47) and (56), we find that the two parts of Eq. (30) reduce to
with χ given by Eq. (56). We may interpret this result as the fact that a nonzero χ corresponds to a contribution to the energy of the system from a source other than the fluid, such as a compact object or a black hole, as we will see in the following section. Now, inspecting Eq. (58), and using Eq. (46) we notice that χ and η defined in Eq. (37) are related by
where B(t) is an integration constant. Notice that the left-hand side is independent of time.
By inserting the results of the pressure isotropy condition, Eqs. (53) and (56) into one of the momentum equations of motion, we find
which may interpret as the definition of the fluid pressure p.
V. FINDING A PARTICULAR SOLUTION
The Ricci part M R of the Hawking-Hayward quasilocal mass is associated with the presence of a source field in the equations of motion, since it vanishes in a vacuum solution. The Weyl part M W is therefore associated with the presence of a central compact object, as well as the presence of spacetime singularities. In particular, we might choose a finite interval for the radial coordinate by setting k = 1 in Eq. (54), which, for particular forms of µ would be akin to closed FLRW models. In this case, for the foliation to be regular at the antipode r = π, in addition to setting A = 0 on Sec. IV, the Weyl tensor must also be finite at the antipode. On the other hand, at the coordinate center r = 0 a singularity is guaranteed if the Weyl tensor diverges, therefore satisfying condition iv. The simplest choice of a function χ which satisfies both requirements while relying only on the already defined gauge-fixing function R is given by
where m is a constant, and
By making this choice we have both fixed the mass of the central object M W to be equal to m 1 , as well as ensured that condition iv holds.
Applying Eq. (64) to Eq. (56), and noting that Eq. (53) implies that w
The pressure isotropy condition (66) now admits a solution of the form
with a = a(t) an arbitrary function of time only. Now that we have both χ and µ, we can calculate the Hawking-Hayward mass of this solution, and we get
and Eq. (62) results in B = 0.
Eq. (47) now yields
and for condition iii to hold the solution requires that N → 1 as r ≫ m, and since this must be satisfied for all slices we are required to choose π = −6ȧ a . The 4D metric finally reads
This is the well-known McVittie metric [22] written in a compact foliation.
A. Lapse-fixing equation
Rewriting Eq. (14) in our spherically symmetric ansatz and after applying the solutions of the CMC (27), Hamiltonian (24) and momentum (28) constraints,
Using Eq. (38) we may write it as
After applying the results from gauge-fixing the metric evolution equations [Eqs. (46) and (47)] and the pressure isotropy condition [Eqs. (54) and (56)] we find ̟ π 24
Inserting the solution (70) into the lapse-fixing equation, we find that it is identically satisfied. This proves that the McVittie lapse (69) is a solution of the lapse fixing equation (14) . Our solution is consistent and is (locally) both a solution of Shape Dynamics and General Relativity.
VI. CONCLUSIONS
In this work we have found a new solution of Shape Dynamics as part of potentially an entire new class of solutions to this theory, by building on the fact that in spherical symmetry a CMC foliation is equivalent to a shearfree comoving flow. There are many implications of this result, and the next step is now to fully characterize this solution. Although we know the causal structure of spatially flat McVittie spacetimes in general relativity [23, 24] , the spatially compact counterpart, despite having been previously studied in the context of general relativity [25] , requires a completely new interpretation in the context of Shape Dynamics.
We still do not know whether the class of metrics we studied in fact contains a black hole. The 4-dimensional compact McVittie metric does not possess an event horizon, but it may contain apparent horizons which are not covered by the coordinate patch used in previous analyses [25] . As in previously studied Shape Dynamics solutions, the event horizon or trapping surface may well give way to a throat into another region of space which possesses no general-relativistic analogue [6] , which may extend the explorable region until a possible universal horizon or otherwise locus where the CMC foliation can no longer be extended [26] . Also, regarding singularities, the known McVittie spacetime singularities all stem from divergences of 4-dimensional quantities, in regions where often 3-dimensional quantities remain wellbehaved. Therefore, they may very well represent perfectly regular and traversable regions in a Shape Dynamics interpretation.
Another important question that has been left open here is the action of the matter source. It may be possible to follow a similar procedure to previous Hamiltonian analyses of k-essence models [12] in order to find a generic perfect-fluid source, so we may characterize the source from a field theory perspective and provide an analogy with the cuscuton source of the McVittie spacetime [27] .
Finally, it must be noted that a much broader class of solutions of Eq. (56) has been studied in Ref. [28] . Their applicability as solutions of Shape Dynamics, as well as whether they can be related to general solutions of the lapse-fixing equation (72), will be the object of future work. In this Appendix we perform the derivation and split of the Hawking-Hayward mass from 4-dimensional spacetime in terms of 3-dimensional quantities defined in our spacelike foliation. To do so we use some of the techniques developed in Refs. [16] [17] [18] . To avoid cluttering the notation, all quantities represent 4-dimensional objects unless stated otherwise. Greek indices run from 0 to 3 and we use the signature (−, +, +, +).
We start by defining a few projectors into the hypersurface. The comoving flow of a 4-dimensional metric g is defined as
and the orthogonal projection with respect to u µ gives the spatial slices
We may also define a unit vector n µ orthogonal to the flow. To do so, we use the accelerationu µ ≡ u α u µ;α to write n µ ≡u µ √u αu α , which we use to construct the induced metric on a codimension-2 hypersurface,
an example of which in spherical symmetry is a 2-sphere of radius r.
Hypersurface decomposition
The Hawking-Hayward quasilocal mass is defined in terms of radial null geodesics on a compact spacelike 2-surface S as the integral of the Hamiltonian two-form over the surface S, multiplied by the length scale given by the area of S [13]
where A ≡ S dS is the area of S, θ (±) are the expansion scalars of the ingoing (−) and outgoing (+) null geodesics, σ
µν is their respective shear tensor of the geodesic congruence, and ω µ the twist of the surface S. In spherical symmetry ω µ vanishes, and we may use the contracted Gauss equation to write 
Moreover, using the decomposition of the Riemann tensor into its Ricci and Weyl parts, that is,
we finally recover Eq. (30) with the contributions from the Ricci part and Weyl part defined as
In fact, the integrand in Eq. (A.9) is the electric part of the Weyl tensor, which prompts the interpretation of a "Newtonian" character of the Hawking-Hayward mass [18] .
Back to the hypersurface
Using the contracted Gauss equation, the HawkingHayward quasilocal mass can be cast entirely in terms of quantities within a 3-dimensional surface [18] . Since the mass depends on the projection of the Riemann tensor on the 2-surface, it is useful to compute the projection of Eq. (A.7) on the 2-surface, that is,
(A.10)
We start by noticing the following identity:
Additionally, for any symmetric rank-2 tensor T , we have Using the contracted Gauss-Codazzi equations, we write the Ricci scalar and projected Ricci tensor in ADM form as 
(A. 19) which depend solely on quantities defined in the hypersurface. By applying this result to our spherically symmetric ansatz we arrive at the expressions from Eqs. (31) and (32).
